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Vacuum polarization in a strong field, such as Hawking radiation from black holes, is con-
strained by the directional metric of strong field vectors. Relative localization of the quanta and the
Schwarzschild radius is examined. Concept of thermal equilibrium of excited vacuum is critically an-
alyzed and judged as dis-equilibrium, because virtual modes or particles are mutually independent.
The result shows that primordial micro-size black holes (PµBHs) cannot produce much Hawking
radiation via fermions, bosons or thermal photons. Primordial black holes produced in the early
epoch of the Big Bang should be very stable over Hubble time and consequently, may constitute a
significant part of the cold dark matter in the structural formation of the universe. PµBHs should be
gravitationally highly-condensed as missing mass around galaxies and galaxy clusters, and remain
very difficult to observe.
PACS numbers: 97.60.Lf, 95.35.+d, 04.70.-s, 04.70.Dy
I. INTRODUCTION
Understanding the nature of dark matter as well as the missing mass around galaxies and galaxy clusters is one
of the most serious and well-publicized problems in contemporary astronomy, cosmology, and particle physics. This
paper provides a revision of the predominant quantum physical description of primordial black holes (PBHs), and
proposes that PBHs should be considered in a renewed light as possible constituents of missing mass and of dark
matter in general. In the past, massive neutrinos were thought to be the prospective candidates for constituting
missing mass and hot dark matter. However, upon closer experimental examination of solar neutrinos, the mass of
neutrinos became bound to a very small value on the order of 0.01-1 eV/c2, rendering the massive neutrino hypothesis
much less tenable. Many hypothetical alternatives have since been proposed with both baryons (dark stellar objects)
and non-baryons. The former includes brown dwarfs, extended thin gases, stellar mass black holes and dead quasars.
The latter includes axions, weakly interacting massive particles (WIMPs), super-symmetric particles, and a plethora
of exotic hypothetical particles.
The luminous baryonic mass density being observed for universe (ρb) is only 3% of the critical mass density
ρc = 3h
2/8πG required for the flat universe model, where H denotes the Hubble constant and G is the gravitational
constant. About ∼35% of ρc is accounted for by gravitational missing mass and is regarded as Cold Dark Matter
(CDM) bound to galaxies and galaxy clusters. Dark energy is considered for up to the remaining 65% of the critical
mass. It has recently become popular due to observational inference of an accelerating universe model from the data
analyses of receding supernovae and of small-scale fluctuations of cosmic microwave background radiation (CMBR)
that also indicate the flatness of universe. Dark energy is a new name for the cosmological constant used in Lemaitre
solutions of Einstein equations and in inflation models, and for the critical mass of the cosmology for the Einstein-de
Sitter flat Universe. However, it has negative pressure (PΛ = −ρΛ < 0) [or in a more original definition: negative
mass density] and has a characteristic repulsive force. This is opposite to what is gravitationally required in order to
account for the local missing mass in actual galaxies and Clusters.
Primordial black holes (PBHs) have not been so seriously considered in these last few decades as candidates for
either the galactic missing mass, or for dark matter in general. The reason for this vague status is due mostly to a belief
that they should have evaporated very quickly after the Big Bang as a result of Hawking radiation [1], and therefore,
that they can not be around us still. However, there is no observational evidence [2, 3] for the type of explosive gamma
ray or radio [4] emission from the rapid decay of micro black holes which Hawking radiation mechanisms predict as
being observable [5, 2]. Moreover, as shown below, a relevant distinction of quantum requirements for the metric of
the Schwarzschild radius and the evaporation mechanism at a black hole event horizon reveals that Hawking radiation
cannot significantly occur from PBHs, or from primordial micro-sized black holes (PµBHs) in particular.
2II. HAWKING THERMAL RADIATION
The fundamental quantum nature of radiation from a vacuum in strong gravitational fields of BHs was first pointed
out in a theoretical fashion by Hawking [1], with an intrinsic and unstated assumption that acceleration occurs uni-
directionally. This radiation mechanism was then applied to primordial micro-size black holes (PµBHs) without much
concern about the size of the BH itself. However, the metric changes from a unidirectional field geometry to an
omni-directional radial field when the Schwarzschild radius decreases to the size of a Compton wavelength (λ) of
quanta; in this situation, the acceleration vector differs significantly from that of the unidirectional case. Hawking
gave the mass-loss formula from his thermal treatment [1] based on a unidirectional geometry without a categorical
separation of the mass (M) of black holes,
dM
dt
= 10−26M−2 [gs−1] (1)
According to this, the lifetime of a black hole with mass (M), measured in units of grams (Mg), would consequently
be:
τHawking = 3× 10−27M3g [s] (2)
This is the well-known basis for the concept that PµBHs with a mass less than 1014 g should have evaporated much
earlier than the Hubble time (≈ 3× 1016 s), during which the universe is believed to have evolved from the Big Bang
to the present. Microscopic analysis of the metric of the PµBHs shows a different picture: PµBHs do not evaporate
as fast as what had been previously thought. The responsible mechanism we provide in this paper is a well-known,
simple quantum requirement: it is, namely, the unidirectional length scale of one Compton wavelength, required for
pair materialization from a virtual state in a vacuum. Hawking indeed cautioned in the end of his first paper [1] that
his scheme was ignoring quantum fluctuations on the metric and that these might alter the picture.
The original Hawking paper [1] considered the case of thermal black body radiation from a plasma of many particles
at a thin circumference around the Schwarzschild radius (RS). The area of this thin shell is compared to entropy
(S = (c3k/2G~)4πR2S in Schwarzschild metric), and the temperature (T ) is defined by a thermodynamical relationship,
T = E/S ∝ Mc2/4πR2S, leading to temperature kT = ~c3/8πkGM and the luminosity L = 4πR2σT 4 ∝ M−2. The
temperature-equivalent Planckian spectrum was later verified by quantum field theories in curved spacetime [6, 7, 8].
However, there is a prerequisite in order for this thermal equilibrium scheme and Eqs. 1-2 to be valid: the Compton
wavelength (λ) of radiated quanta has to be smaller than the hole radius (RS) so that entropy can be defined for the
black hole geometry [9]. Moreover, the established quantum physics principles and microscopic considerations of the
cutoff sphere do not support the idea of thermal plasma itself around the Schwarzschild radius of small BHs, because
only one fermion of each species is allowed at any given time within a sphere of the Compton wavelength radius,
which entirely engulfs a PµBHs when Schwarzschild radius (RS) is smaller than λ . If not radiated as a thermal black
body, photons must originate from the electromagnetic annihilation of particle pairs. This process is negligibly small
when the real-particle population of fermions or bosons is limited to one or much less (as described later).
We shall analyze the nature of virtual particles in particle picture. Before going into that description, we need
to examine the approach from quantum field theory and the applicability of thermal concepts for vacuum states of
wave modes or particles. This analysis includes the essential condition of equilibrium, which is founded on the basis
of (1) mutual exchange of energies and (2) the existence of a large number of particles (i.e. numerous enough to
be statistically meaningful) over a significant time duration that allows such exchanges. Vacuum states or virtual
particles, though satisfying the second condition, have extremely too short a duration of real modes, and cannot
satisfy the first condition. These bodies interact only with external gravity but not with other bodies, and should be
regarded as so many free bodies in dis-equilibrium .
A. Support by quantum field theory
The postulated mechanism of Hawking radiation was refined later by quantum field theory [6, 8], which used the
curved spacetime of general relativity and Bogoliubov transformations [10] of the Fock representation [11] of the wave
modes in a vacuum bounded by an event horizon. The boiling of vacuum states at the Schwarzschild radius has been
considered by many to be a general consequence of the vacuum modes of a very strong field in curved spacetime; it
occurs when a vacuum is geometrically cut off from the universe by the infinitely large plane of an event horizon so
that a wave function does not propagate to one side of the universe. However, this geometry ignores the fact that
the surface is actually spherical with finite radius, which does not cut off vacuum modes entirely from universe. The
3quantum field refinements [6, 7, 8] treat this actual 3D spatial geometry of the cutoff boundary for 3D (r,t) waves as
if it were a 1-D wall, and as a uni-directionally accelerating configuration in space, irrespective of the size or the mass
of a black hole. This goes against the basic notion that a curved spacetime configuration is supposed to be really
used for all the spatial coordinate vectors of motion and gravitation. Consequently, these past schemes may yield a
significant over-estimation in the mass-loss rate by a factor ∼ 1/M2.
B. ”Thermal” concept of vacuum – dis-equilibrium and independence
The authentic (or standard) thermal interpretation of Planckian spectrum of quantum field theory is not free from
imperfection. Despite a lot of sophisticated wave transformations being used in quantum field theoretical treatments,
the whole scheme has more of a geometric nature in terms of fitting the wavelength (λ) modes of massless quanta
(photons) to the size of the circumference (λR = 2πRS) of the Schwarzschild sphere.
Is it really heat that is generated by moving bodies in vacuum Other than virtual massive quanta, there are no real
bodies or photons in negative energies. Temperature of vacuum T0 is always zero in classical physics when there are no
real bodies in motion. T0 in quantum-field picture is different. It has a positive non-zero value (T0 =
√
< E2e >/k > 0)
due to the transient energy-square average of virtual electrons. Because they are not real but in virtual states and
the time is too brief to appear as real particles, they can not exchange energies with other virtual particles. In this
sense, although they have non-zero (temperature-like) energy variance, they do not form any equilibrium state like
that of an ordinary thermal body. They may have negative-energy Fermi motion, but this vanishes when they go back
in vacuum states. Virtual particles are thus independent, and they are not really collectively and thermally connected
with any neighbouring quanta.
The field energy (conventionally interpreted as temperature) can indeed increase with decreasing RS until RS ∼
λe/2π = λe. Gravitational fields are effective in terms of causing a uni-directional acceleration for a brief transient
time, so long asRS ≫ λe. However, when RS ≤ λe, virtual electrons are no more effectively excitable by a gravitational
acceleration of a strong field due to the 3-D random fluctuation of the motional vector of electrons relative to the
field vector. Thus, vacuum quantum temperature (Te) ceases to increase when RS reaches λe. Consequently, thermal
emission of photons by black body saturates to a constant value (σT 4e0, with kT0 = mec
2 = 511 keV), as discussed in
2.1 (as over-estimation by a factor of ∼M−2). We will discuss more in detail in the later Section 7.
The temperature (Tm) of different species of quanta with mass (m) at the black hole horizon is inversely proportional
to m, Tm ∝ Te(me/m) (see Appendix A). Virtual quanta with mass larger than that of electrons have a much lower
temperature Tm in the same gravitational field due to their heavier mass. The energy loss by their black-body radiation
is much lower than their energy loss by electrons by a factor of (me/m)4. In addition, even if we accept a sense of
thermal picture, they have to be in dis-equilibrium (i.e., independent and remain at their own low temperature). For
example, luminosity (LTop) by the temperature of a top-quark (whose mass is 3.4 × 105me) emits 1.3 × 1022 times
less energy than that (Le) of electrons at Mg = 10
17 due to dis-equilibrium of the thermal reality of virtual fields.
The largest of the emission rate by top-quarks is (LTop/Le) = 3× 10−6 at Mg = 7.1× 1011, for which the Compton
wavelength of the top quark equals the Schwarzschild radius, and the top-quark temperature saturates, too. Hence,
temperature of higher-mass quanta cannot play a major role for the lifetime of PµBHs in dis-equilibrium of vacuum
temperatures.
C. Gravitational potential energy
Furthermore, as will be shown in Section 5, the initial assumption of total field energy being used by Hawking was
not gravitational field energy: the total mass-energyMc2 was used instead. This is approximately fine for large black
holes, but is not accurate for small ones. This alone causes a large difference in temperature definition by a factor of
M for PµBHs. As a result, the mass-loss rate by black body luminosity (∝ T 4) in the Hawking interpolation scheme
is extremely overestimated by a factor of M−4 for small PµBHs.
III. GEOMETRICAL OVERVIEW AND LIMITATION BY PAULI BLOCKING FOR ELECTRONS
We examine the geometry first in light of quantum physics constraints. In a semi-classical Dirac-Schwinger particle
picture, a virtual electron-pair is in its negative energy state, and it can become on-shell only after gaining enough
energy by (coherent) interactions over a volume defined by λ3e and a duration t = λe/c ≈ 1.3×10−21 s. We recall in the
first place that there is an important quantum principle that strictly prohibits the rapid evaporation of sub-PµBHs.
Pauli blocking applies to Fermi-Dirac quanta within one Compton-wavelength 4-volume. Any quantum fluctuation
4within one Compton-wavelength cannot produce any more than one electron (1027 g) per 10−21 s. A PµBH with a
mass less than 1017 g has a Schwarzschild radius, RS = 2GM/c
2, less than λe ∼ 1011 cm. Only one electron can exist
in 10−21 s over its entire event horizon. This leads to the conclusion that there is in the PµBH horizon no plasma
that can be regarded as a blackbody for radiation. This strictly sets a very severe upperbound on the mass-loss rate
for PµBHs to
−dM
dt
|MAX= me(mec2/~) < 10−6 [gs−1] (3)
regardless of mass M (for M < 1017 g). The corresponding absolute minimum lifetime is,
τPauli > 106Mg [s] (4)
which obviously gives a much longer lifetime than eq. (2) for any PµBH. Hawking’s interpolation of eq. 2 to small-
mass black holes gave the lifetime for a Planck-mass (10−5 g) black-hole on the order of 10−42 s; close to Planck time
itself. The Pauli Principle, however, does not allow such an extremely short quantum evaporation time (at least for
electrons), constraining it to be longer than ∼10 s. This huge discrepancy between a major quantum physics principle
and Hawking’s original interpolation requires more critical scrutiny, particularly when considering the geometric size of
the Schwarzschild radius. In fact, Bekenstein’s articles [9] that preceded the Hawking radiation papers pre-constrained
the validity of the entropy concept itself in terms of the surface area of an event horizon to λ < RS so that entropy
can be defined for quanta to fit into the hole (Ref [7], p. 274). The formulae used by Hawking (and almost all the
later follow-up treatments by quantum field theories) generally used the energy content of the quantum modes, but
their thermal treatment is not valid for PµBHs; λ > RS .
In a more analytical particle picture, a very strong acceleration and energy gain (> 2mec
2) is required during a
brief duration of less than the light-crossing time of sub-Compton wavelength ǫλ:
∆τC = ǫ∆τ, (where∆τC ≡ λ/c), (5)
in order for a virtual particle (E = −mc2) to acquire the rest-mass energy (+mc2). General relativity around the
Schwarzschild radius has a lapse function of curved spacetime,
ζ ≡ (1−RS/r)−1/2, (6)
for the Schwarzschild line element: radial (s = ζdr) and temporal (τ = ζ−1dt) coordinates in geodesics, ds2 =
(1− RSr )c2dt2 − dr
2
(1−RSr )
− r2(dθ2 + sin2θdφ2). This provides the condition required for a critical acceleration
aC ≥ c/∆τ (7)
where ∆τ denotes the proper time of a particle. The required acceleration time ∆τ (equivalent to ǫ times the
light-crossing time of the Compton wavelength in proper time ∆τC) is ζ
−1∆t = ǫλ/c . Particle producing critical
acceleration is possible in a thin shell surrounding the Schwarzschild radius with the condition that the particle is
linearly localizable within this strong gravitational field and within the limited time. The length parameter (ǫ) for
the particle’s location (r = R+ ǫλ ) is restricted by the lapse function and the critical acceleration:
aC ≥ c/∆t = ǫ−1ζ−1(c2/λ) = ǫ−1ζ−1a0 (7a)
where
a0 ≡ c2/λ = 3.2× 1031 cm s−2 = 3.3× 1028g (8)
with g = 980 cm s−2 denoting the gravitational acceleration on the Earth’s surface.
5IV. TWO DOMAINS OF BLACK HOLE MASS FOR THE QUANTA’S COMPTON WAVELENGTH
Hawking radiation may occur just outside the event horizon but only within a spherical shell (∆r < ǫλ) and within a
short period (∆t ∼ ǫλ/c; ǫ < 1). If a virtual particle receives such a continuous unidirectional strong gravitational
force, it can be accelerated within ∆t to the energy of a real particle. This strong acceleration (aS) is characteristic
of the lapse function of the radius (r = RS + ǫλ) around the event horizon,
aS(r) =
GM/r2√
1−RS/r
=
c2RS
2(RS + ǫλ)3/2
√
ǫλ
(9)
There is a clear distinction between two regimes of mass M (or R), separated by a Compton wave-length:
(i) Relatively-large black holes (RS ≫ λ), where gravity is unidirectional.
(ii) Micro-black holes (RS ≪ λ), where gravity is no longer unidirectional.
V. GRAVITATIONAL FIELD ENERGY OF BLACK HOLES
We will examine in the first place the energy content of a vacuum used in the Hawking scheme for these two different
mass regimes. The thermal bath, if it is ever generated by gravity, is the result of the gravitational field at RS . Its
energy content in the spherical shell bounded by the radii (RS < r < RS + λ) is the most meaningful part in vacuum
polarization, and it should not be the total mass energy (Mc2) of a black hole but its external gravitational field
energy. It is evaluated by self-gravitating energy as:
Eg =
∫ ∞
RS+ǫλ
MaSds =
∫ ∞
RS+ǫλ
GM2dr
r2(1− RSr )
= GM2ln(1 +
ǫλ
RS
) =
Mc2
2
ln(1 +
2GM
c2ǫλ
) (10)
This potential energy for RS ≫ λ(ǫ = 1) deviates (by a factor of ln(M)) from the Bekenstein-Hawking scheme that
used Eg =Mc
2.
However the potential energy for case (ii) is Eg =
Mc2
2 ln(1 +
2GM
c2λ ) ≃ GM
2
λ . Therefore, temperature T =
(GM2/λ)(4πR2Sc
3k/2G~) = c~/(8πkGλ) becomes a constant, irrespective of the mass of the black holes. This
dramatically deviates from the Hawking temperature T = c3~/8πkGM by a factor of M. Consequently, energy loss
rate is −dM/dt = SσT 4 ∝ M+2, significantly samller than the Hawking formula, Eq. 1, dM/dt = SσT 4 ∝ M−2.
This alone already suggests that the lifetime of PµBHs (RS < λ) should be much, much longer than the Hawking
formula, even though the concept of temperature is unquestioned.
The above result is consistent with our basic results of the absolute bound constrained by Pauli blocking for fermions,
Eqs. 3 and 4. Further analysis of particle production from vacuum, as described in the following, confirms that this
discrepancy for RS < ǫλ indeed represents a failure of the Hawking scheme to characterize accurately the lifetime of
PµBHs.
VI. SUB-COMPTON COORDINATE PARAMETER
The potential energy [Eg = GM
2ln(1+RS/ǫλ)] depends on (ǫ) as well as on the ratio RS/λ ≡ ξ. Correspondingly,
temperature (T) in the thermal picture of waves, if defined by Eg/S, depends weakly on ξ/ǫ; namely, T = [c~ln(1 +
ξ/ǫ)/8πk]. The energy loss rate in the thermal model forRS < ǫλ is dM/dt = SσT
4 = (4πM2)σ(c4~/8πk)4ln4(1+ξ/ǫ),
and is very different from the Hawking’s thermal scheme, Eq. 1. The valid accelerating region constrains the sub-
Compton parameter (ǫ) to be smaller than some value in a particle picture. We examine below the constraints on (ǫ)
under the condition that sufficient acceleration of vacuum particles can occur.
6A. Regime (i): RS > ǫλ and a particle picture of large black holes
The lapse function ζ ∼=
√
RS
ǫλ for a stellar-size black hole (RS ≫ λ) is large: ζ2 ≈ 10−16Mg for ǫ = 1, and the
acceleration of a particle is sub-critical for on-shell production unless ǫ≪ 1:
aRS>λS = (
c2
2
)
√
1
ǫrλRS
= (
1
2
√
ǫ
)
√
λ
RS
a0 ≈ ( a0
2
√
ǫ
)
√
1016
2Mg
(11)
This requirement for a sufficient acceleration aS > a0 restricts the coordinate coefficient ǫ < 10
16/8Mg, which is
about unity for a black hole with mass Mg around 10
15 (g). For a stellar mass black hole (Mg > 3 × 1033), this
acceleration is so weak at r = RS+λ that the critical position coefficient ǫ must necessarily be limited to small values,
ǫ < 10−18. The 3D position of a particle with such a small value of ǫ (10−18 times sub-Compton for stellar-mass black
holes) becomes extremely uncertain, but acceleration is nonetheless unidirectional and the integration aS∆t (=c) can
provide the required energy for a virtual particle to achieve higher energy states. With the exception of the case
where the black hole mass is around 1015 g, or ǫ≪ 1, particles remain sub-thershold for real and go back into virtual
states, contributing only to the variance of the vacuum energy (T0 =
√
< E2e >/k > 0). Equilibrium thermal states
do not occur and massless photons cannot be emitted from an equilibriated thermal bath. Photons can come out,
if at all, only as secondaries of bremsstarhlung [dn/dpγ ∝ p−1γ θ(pe − pγ)dpγ ] directed only toward the horizon, while
electrons are only accelerated before going back to virtual states The mass-loss rate is practically null, and therefore,
it has to be less than Eq. 1. [Quantum field theory does not use a particle picture, and mass-less particles (photons)
can still be emitted at long wavelengths so long as the field is thermally excited by gravity of any strength. However,
thermal equilibrium is unlikely to be an applicable concept for virtual states of vacuum particles.] (*)
B. Regime (ii): RS > ǫλ and non-thermal description of micro black holes
In the case of a small black hole, (ii), RS ≪ λ, the lapse function tends toward unity like Newtonian gravity and
it turns out by Eq. 9 that the gravitational acceleration is sufficiently strong, but again, only for small values of
ǫ < 1/
√
2.
aRS<λS = 2
−1ǫ−2(RS/λ)a0 ≤ 2−1ǫ−2a0 (12)
These metric conditions must be applied to derive the total effective volume where acceleration for vacuum mate-
rialization becomes sufficient.
The product of the vacuum polarization density (ρ4), effective 3-volume (V3) for acceleration, and the quantum tun-
neling probability (P) gives the total materialization rate (̟) of particle-pairs per unit time in the strong gravitational
field of a black hole:
̟ = ρ4V4(c/λ)P [s
−1] (13)
The vacuum density (ρ4) of virtual electrons is derived by Schwinger [12] by using a free Lagrangian, which gives
ρe4 ∼ (3/4π)(λ4e/c)−1 = 1.4× 1052cm−3s−1. To evaluate the total effective volume we now focus our attention to the
case (ii). The materialization is constrained by aS > aC as
aS = 2
−1ǫ−2r (RS/λ)a0 > ǫ
−1
r a0 (14)
It follows that ǫr < RS/(2λ) < 0.5 and aS > (2λ/RS)(c
2/λ) = 2c2/RS = c
4/GM . Correspondingly, the total
effective four-volume is reduced to
ρ4V4 ≡ ρ4∆ǫV3∆ǫt = ǫ4 < (RS/2λ)4 = (GM/c2λ)4 < 1/16 (15)
This signifies the fact, on one hand, that the linear acceleration does not achieve the required energy for material-
ization in outer sphere of r > ǫrλ + RS . On the other hand, the inner sphere r < ǫrλ + RS is not quite localizable
for linear acceleration, and the materializable region in the case of (ii) RS < λ tends to null. We examine this point
further in terms of tunneling probability.
7VII. QUANTUM LIMITATION OF UNIDIRECTIONAL ACCELERATION
The probability of vacuum polarization for tunneling into on-shell state by a uni-directional field is e-fold as
represented by the Gamow factor:
P ∼= e− 2~
∫ x+
x
−
q(x)dx (16)
where q(x) denotes the imaginary momentum,
q(x) =
√
m2c2 − (W − [maSx]2)/c2 (17)
The scalar integral aSx is not valid for omni-directionally and randomly fluctuating quanta within x < λ, and Eq.17
should be written in its proper vector form,
q(x) =
√
m2c2 − (W − [
∫
mas • dx]2)/c2 (17a)
This clarifies the fact that the total gravitational work (scalar product) of isotropically fluctuating two vectors is
null:
∫
as • dx =
∫ ∫ +2π
−2π
aSdxcosθ
1√
2πσθ
e
− θ2
2σ2
θ dθ = 0 (18)
Provided that the linear approximation, aS(x) • x = aSx, is allowed for the integrand of the tunneling penetration
factor, we get an imaginary upperbound of tunneling probability for fermions (Pf ),
Pf ∼= e−
2
~c
∫ x+
x
−
√
m2c4−(W−maSx)2/c2dx = e−
2
~c
m2c4
maS
∫
+1
−1
√
1−u2du
(19)
Pf ∼= e−
πmc3
aS~ ≪ 1 (19a)
The total emission rate per second by tunneling electrons from the vacuum that surrounds a PµBH is
̟RSf ≤ (
GM
c2
)4(
mc2
~
)̟f [s
−1] (20)
where ̟f denotes the particle creation rate per unit volume and time derived by the effective Lagrangian (L
′) of
quantum field theory for a unidirectional gravitational acceleration (aS) field,
̟f = 2Im(L
′) =
1
4π3
(
mas~
m2c3
)2
mc2
~
(
mc
~
)3Σ∞n=1
1
n2
e
−nπmc3aS~ =
1
4π3
(
m2a2S
c~2
)Σ∞n=1
1
n2
e
−nπmc3aS~ (21)
≤ 1
4π3
(
1
c~2
)(
mc4
GM
)2Σ∞n=1
1
n2
e−n
πGMm
c~ (21a)
The steep exponential factor as a function of mass (m) of quanta in Eq. 21 assures that high-mass quanta are
produced negligibly less than the low-mass quanta. Each term of the sum of the exponential series (called the Spence
Function) represents n-loop coupling and is very small, unless acceleration is higher than the critical value aC . Thus,
the total particle emission rate per second is bounded by,
̟RSf ≤ (
GM
c2
)4(
1
c
)(
mc2
~
)
1
4π3
(
1
c~2
)(
mc4
GM
)2Σ∞n=1
1
n2
e−n
πGMm
c~ (22)
8̟RSf ≤
1
4π3
(GM)2(
m3
~3
)Σ∞n=1
1
n2
e−n
πRS
2λ <
c
16π3λ
(
RS
λ
)2 <
c
16π3λ
(22a)
which is consistent with the ̟ obtained earlier by the volume analysis: Eqs. 13 and 15.
The production probability of bosons (Pb) in a strong field resembles that of fermions [13], with a coefficient smaller
by only a factor of two for the Spence function.
Pb ∼= 2−1 × e−
πmc3
aS~ (23)
̟b =
1
8π3
(
m2aS~
c
)Σ∞n=1
1
n2
e
−nπmc3aS~ (24)
The most critical problem for a tunneling integral for x < λ is that the coordinate (x) fluctuates randomly over
the path integral, changing the direction of the gravitational vector aS(x, t) so that it is totally uncertain for the
effective one-directional path integral of aS • dx = aS(dx)cosθ, due to the uncertainty of θ (−2π ≤ θ ≤ 2π) at any
time and position during this integration. This makes the Gamow factor practically zero for a black hole whose RS
is smaller than the particle’s Compton wavelength λ:
P ≪ e−πmc
3
aS~ (25)
Thus, the 3-D uncertainty for the 1-D unidirectional integral in Eqs. 17 and 18 entirely kills the Gamow factor
and makes the probability effectively zero as shown in Eq. 19a. It is the same situation as that of a strong electric
field U(r) = Ze2/4πǫr inside a uranium nucleus, e.g., (r < 1 fm), where the effective coupling probability becomes
> 137α = 1.0. Literally, the vacuum could have decayed in a high electric field Ze2/r by a singular multiple coupling
probability, if the unidirectional tunneling were ever allowed and if the Uncertainty Principle that requires r > λ were
ignored. The case of PµBH vacuum polarization by strong gravity has the same problem as this uranium electric case.
The 1-D integral in the Gamow factor does not yield any meaningfully small value for the exponent within r < λ,
and hence no spontaneous vacuum decay can take place, because PµBHs require Eq. 14, namely, ǫr < RS(2λ) < 0.5.
For large BHs with r ≫ λ, 1-D directionality is sufficient, and Eqs. 11, 22a and 24 can be used. We recall Eqs. 22a
and 24 as the upperbound for energy loss from a BH. The probability of acquiring aS > aC is, however, very small for
vacuum electron pairs with any gravitational acceleration in curved spacetime (for the PµBHs case) or electrostatic
acceleration in flat spacetime (as in the uranium case where r ≫ 1 fm), with the metric more than one-Compton
wavelength away from the Schwarzschild radius or from a nucleus center, respectively. Thus, we are led to conclude
that fermions or bosons can barely be emitted from PµBHs. Consequently, no thermal radiation can occur from such
a site where far less than one particle at any time can exist in the quantum-materialization spacetime volume.
VIII. MASS-LOSS RATE AND HALF LIFETIME
The mass-loss rate of PµBHs (M < 1017 g) can be evaluated as an upperbound by using Eqs. 11 and 22 with P =1,
but it is indeed an extreme overestimation in the sense that we ignore the ineffectiveness (Eq. 25) of a path integral
in Gamow factor P ≪1. It leads to an artificially faster evaporation rate; yet, this rate already gives many orders of
magnitude less than that interpolated by Hawking’s thermal scheme. Our upperbound is thus
−dM
dt
≪ me(̟RSf +̟RSb ) [gs−1] = 3× 10−47M2g [gs−1] (26)
The half lifetime (τ1/2) of a PµBH (M ≤ 1017 g) in this scheme is
τ1/2(PµBH) ≫ 3× 1048M−1g [s] (27)
This suggests τ1/2 > 10
31 s atM ∼ 1017 g (RS = λ), which is consistent with the absolute lower bound for fermions
(τ1/2 > 10
23 s). Any PµBHs with mass less than 1017 g can live many orders of longer time than the Hubble time
9(∼ 3× 1016 s). The smallest PµBH is that of the Planck mass, (∼ 10−5 g), which can live≫ 1047 yr, and can provide
a basis for a finite size spacetime without decay.
Consideration of the smallest-mass quanta represents a significant departure from the Hawking scheme of Eq. 2. We
used electrons for its known firmness of the lightest-mass electromagnetic quanta in this physical world. Neutrinos
have been treated as massless until recently, but they are supposed nowadays to have small finite masses 0.01 -1
eV/c2 as inferred from the observed deficits of fluxes of solar electron neutrinos and atmospheric muon neutrinos.
With these finite masses (mν), neutrinos cannot be emitted from black holes with a mass smaller than the neutrino
critical mass MνC = 10
23 (1 eV/mνc
2) g. Other light-mass particles such as axions (mA < 10
−14 eV) are hypothetical.
They would make the thermal equilibrium basis of Hawking formula partially invalid for MAC [< 10
37g (∼ 104M⊙)], if
they really exist. Although these are fundamental quanta, they are neutrals and do not directly couple to photons.
These quanta cease to contribute to the thermal bath of a vacuum for M < MνC < M
A
C long before electrons do
so at M < M eC = 10
17 g. The role of quanta at higher masses is negligible so long as they remain only as virtual
states in vacuum, as already stated in 2.2, due to the disequilibrium nature of virtual particles. The largest mass
of fundamental quanta presently-known for production is that of the top quark (174 GeV/c2) [14], which gives its
critical mass M topC = 7.6 × 1011 g. Energy loss for a BH with a mass less than 1017 g (and above the critical mass
M topC = 7.6 × 1011) can still take place. The probability of pair production from vacuum fluctuation for such heavy
particles is, however, much smaller than for electrons for M > M topC due to the exponential factor in tunneling
probability. The thermal bath of a vacuum for photon emission is correspondingly highly limited. Similarly, due to
the more stringent quantum conditions that destroy the Gamow factor by 3D fluctuations for RS(M) < λ (Eqs. 19
and 25), any unknown quanta with a mass heavier than the top-quark mass, if any would be discovered in future, can
still safely be ignored in the consideration of the lifetimes of PµBHs.
IX. CONCLUSIONS AND DISCUSSIONS
In summary, the radiation rate from PµBHs is evaluated. Several different considerations and analyses indicated
that the Hawking radiation from PµBHs was substantially overestimated by a factor of 1/M2 in the Hawking’s
thermal scheme with or without quantum field theoretical approaches. Those aspects having been analyzed are (1)
metric in the original Hawking scheme, (2) geometry in quantum field theoretical approaches, (3) gravitational energy
for small black holes, (4) non-unidirectional tunneling probability, and (5) dis-equilibrium nature of virtual quanta.
We are now led to conclude that all the PµBHs should be regarded as very massive, cold, and dark (black) matter.
They would not have been lost since their generation in the early big-bang era, were PµBHs ever produced by density
fluctuations or other mechanisms. They could have only grown larger during their high-density phase by gravitational
cannibalism. The task of explaining their role in the structural formation of the universe, and their later role in the
genesis of stars and galaxies, poses a new challenge for further research. The fundamental cosmological equations
must incorporate significantly abundant and locally-static elements (PµBHs) from the beginning. It would alter
the Friedman and Lemaitre solutions (including Einstein-de Sitter) because the Robertson-Walker metric has to be
replaced by a rejuvenated hybrid-Schwarzschild metric, just like the so-called Swiss-Cheese model, which was invoked
by Einstein and Strauss in 1945 [15]. Even the relevant critical mass density of the universe, ρC = 3H
2/8πG, of
Friedman models (and Einstein-de Sitter model), could be altered, and our understanding of the matter content in
the universe might require a major revision. Although unfashionable in the present-day standard cosmology, this
point can become significant if PµBH generations in the early epoch of Big-Bang turns out to be substantial for the
entire energy content.
Black holes are extremely difficult objects to search for, to identify, or to study. Micro-sized black holes that do not
radically emit Hawking radiation are supposed to be undetectable. Since their mass is much too small (smaller than a
mediocre asteroid), the local gravitational-lens method is ineffective for finding them. Gravitational lensing by many
such PµBHs in line of sight may or may not appear in the very small perturbations of red-shift fluctuations such
as the type of Sachs-Wolfe [16] and Rees-Sciarma [17] effects for deep-space optical observations. Because the cross
sections of PµBHs are extremely small, it is likely that any such effect by PµBH would be buried in or overshadowed
by the fluctuations caused by other sources.
The total mass of all the PµBHs depends on the production mechanism in the earliest era of the Big Bang. It can be
a small portion of the total energy of the early era of the Big-Bang universe, but it could become a significant portion
in the later epochs. PµBH have been treated as if they were thermal particles at production in density perturbations.
The mass spectrum depends on the growth rate of the perturbed densities, for which there are excellent early studies
[18]. They show that the mass distribution exponentially falls very rapidly with increasing mass, favoring PµBH as
constituting the majority of PBHs so long as they do not evaporate swiftly. We have shown in this paper that
PµBH do not evaporate within Hubble time.
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Appendix A:
Acceleration and Kinematics
Virtual particles can be accelerated by gravity within the Uncertainty Principle (or more originally, the commutation
relations) that governs the Gaussian uncertainty of proper distance (ds) and duration (dτ ) with dispersions στ = λ/c
and σs = λ, respectively. Gravitational acceleration is given by a(r) =
GM
r2
√
1−R/r
, where r is measured from the
event horizon (r = R + ∆r). This acceleration provides velocity (v) and energy (E) of a virtual particle during
(dτ) at the radial region (ds), E = 2mc2(1 − v2/c2)−1/2mc2 = (√c2 − a2t2 − 1)mc2. The radial coordinates where
acceleration takes place is sub-Compton wavelength away from the event horizon. The coordinate coefficient (ǫ) for
the radial coordinate difference [∆r = (R + r2) − (R + r1)] can be used for ∆r = ǫλe, where R and λe denote the
Schwarzschild radius and electron Compton wavelength, respectively. The probability function of energy in relativistic
and non-relativistic formulae can be given by the following equations, Eq. 1 and Eq. 2, respectively.
PR(E)dE = dE
∫ ∞
∞
∫ ∞
∞
dτ√
2πστ
ds√
2πσs
e
− τ2
2σ2τ e
s2
2σ2s δ[E − (mc2
√
c2 − a2t2 − 1)] (1)
PNR(E)dE = dE
∫ ∞
∞
∫ ∞
∞
dτ√
2πστ
ds√
2πσs
e
− τ2
2σ2τ e
s2
2σ2s δ[E − mea
2t2
2
] (2)
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Approximation with non-relativistic energy and constant acceleration makes the integral simple and easy. It is,
however, rather inaccurate. In particular, it becomes increasingly inaccurate when R becomes closer to λ. We note
also that the available acceleration time for heavier quanta (m) is shorter by a factor of (me/m) relative to that for
electrons (me). Under these conditions one can easily rewrite eq. A2 as follows:
PNR(E)dE = dE
∫ ∞
0
∫ ∞
0
2dt√
2πσt
2d∆(r)√
2πσr
e
− t2
2σ2t e
− (∆r)
2
2σ2r δ[E − ma
2[t(me/m)]
2
2
] (3)
= dE
∫ ∞
0
2E
~
√
2π
2Ed(∆r)
~
√
2πc
e
− (m/me)
2(2/(ma2))E
2( ~
mec2
)2
e
− (∆r)
2
2( ~
mec2
)2
(4)
= dE
∫ ∞
0
(
2E2λe
π~2
)e
−
(m/me)
2(
16GMǫλe
mc6
)E
2( ~
mec2
)2
.e
− (∆r)
2
2( ~
mec2
)2
d(∆r) (5)
= dE
∫ ∞
0
(
2E2λe
π~2
)e
−
(
16GMmǫλe
m2ec
6 )E
2( ~
mec2
)2
e
−λ
2
eǫ
2
2λ2e λe(dǫ) (6)
= dE
∫ ∞
0
(
2E2λe
π~2
)e
− E
c3~me/8GM(m/me)ǫ (7)
If an assumption that ǫ = 1 is allowed, one gets a simple exponential distribution.
P (E) = dE(
2λeE
2
π~2
)e
− E
c3~/8GM(m/me)ǫ (8)
The original Hawking formula does not seem to have separated quanta of different species (i.e., m = me). In this
case the denominator of the exponent misleads to appear having no mass factor of quanta. This familiar denominator
is often interpreted as equivalent to kT of temperature (Hawking temperature):
T = c3~/8πGM (9)
This denominator has originated only from the randomness of quantum coordinates constrained by the Uncertainty
Relationship. Furthermore, a quite significant simplification was made for acceleration as constant, while it varies
drastically during acceleration in an extremely short distance. Hence, an interpretation of the exponent as exactly
thermal by an appearance is hardly justifiable when considering its mathematical origin. Moreover, eq. (7), before
the simplification of m = me is made, indicates that the denominator (kT) is inversely proportional to the mass of
quanta. If a thermal interpretation is made, it is in disequilibrium. The true origin of this mass dependence is in the
shorter duration of acceleration available for heavier quanta for the same mass M and the same gravitational field
strength in the same unit time.
Coordinates ds and dτ (or dr and dt) in curved spacetime are interwoven and the formulae become more complicated
than Eqs. A3, A6. Furthermore, relativistic treatment of the particle energy with interwoven effects of two random
distributions of (ǫ) and (t) no longer makes P(E)dE close to a thermal-like simple exponential spectrum. It is not a
simple analytic function of neither (t) or (ǫ), and an interpretation by a thermal analogy for its appearance is not at
all feasible.
PR(E)dE = dE
∫ +∞
t=0
∫
ǫ=ǫmin
ǫmax
2cdt
πλe
e
−
(
c4(R+ǫλe)
3ǫλe
GM
)[1−( mc
2
E+mc2
)2]
2( ~
mec2
)
×e
− (ǫλe)
2
2( ~
mec
)2 d(ǫ)δ[E − (mc2
√
c2 − [ 4G
2M2
(R+ ǫλe)3/2ǫλe
]t2 − 1)]
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Appendix B:
Compton wavelength of the black hole itself
(1) Compton wavelength of the black hole is a very small value so long as its Schwarzschild radius is far
greater than that of quanta. We define the radial coordinates dr = (R +dr) - R= ds =
√
1−R/(R+ dr)ds =√
1−R/(R+ dr)(~/Mc) In terms of mass, this is reduced to the following:
dr = −(GM/c2) + [G2M2/c4 + ~2/(Mc)2]1/2
≃ (2GM/c2)(1/2)(1/2)~2c2/G2M4) = (2GM/c2)(1/2)(1/2)(M4P/M4)
≥ (Rs/4)(MP /M)4 (atGM ≫ ~c :M ≫MP )
(2) General relativistic Compton wavelength of an electron (me) around a Black Hole with mass (M) is dre defined
by
dre = (R+ dre)−R =
√
1− R/(R+ dr)dse =
√
1− /(R+ dr)(~/mec)
(dre)
2 = (h/mc)2dre/[(2GM/c
2) + dre]
(dre)
2 + (2GM/c2)(dre)− (h/mc)2 = 0
dre = −(GM/c2)± [G2M2/c4 + ~2/(mc)2]1/2
= (2GM/c2)(1/2)[(1 + ~2c2/G2M2m2)1/2]− 1
≃ (2GM/c2)(1/2)(1/2)~2c2/G2M2m2 = (2GM/c2)(1/2)(1/2)(M4P/M2m2)
≥ (Rs/4)(MP /M)2(MP /me)2. (atGM ≫ ~c :M ≫MP ≡
√
c~/G)
Compare this with the flat-spacetime Compton wavelength defined by λM ≡ ~/Mc,
ΛM/λM ≥ (1/4)(Mc/~)Rs(MP /M)4 = (1/4)(Mc/~)(2MG/c2)(MP /M)4
= (1/2)(M2G/c~)(MP /M)
4 = (1/2)(MP/M)
2.
